ABSTRACT
INTRODUCTION
In many cases, the multiscale problems arise in the analysis of elastic systems possessing periodicity in geometric and elastic properties. Typical examples of such systems on a macroscale are large space structures or two-dimensional grids [1] . On a much smaller scale, there is a large family of composite materials with periodic microstructure, including fiber-reinforced and cellular materials [2] . It appears that in this situation, it is possible to avoid the homogenization procedure and to get the result using the Discrete Fourier Transform (DFT). The employing of this transform in the analysis of the periodic systems has long been known. A rather comprehensive review of the works on this subject is given in [3] . It is found that most of the works are either from the field of dynamics or related to the buckling analysis in the framework of the Bloch wave approach. Among the recent publications, it is pertinent to note the works on the fracture in lattices (e.g., [4] ), the Bloch wave study of pattern transformations in periodic materials [5] , and the analysis of finite repetitive structures [6] .
In the present article, the application of the representative cell method suggested in [7] for the solution of multiscale problems is illustrated. This method is based on the DFT and is found to be a very convenient and universal mathematical tool that can be easily employed for the analysis of periodic structures in combination with analytical as well as numerical methods. In the next section, the idea of the method is illustrated by means of a trivial example. In Section 3, the applications for the structures and the layered materials posessing 1-D translation symmetry are considered, whereas in Section 4, the case of 2-D symmetry is addressed. In both cases, special attention is given to the flaw existence violating the periodicity. In the final section, several concluding remarks are drawn.
ILLUSTRATIVE EXAMPLE
It is convenient to present the idea of the representative cell approach by means of the known structural mechanics problem on bending of an infinite periodically supported beam (Fig. 1) . The beam has uniform bending stiffness EJ and, in the global coordinate system X, Y , occupies the region ∞ < X < ∞. The system periodicity in the geometric and elastic properties is characterized by the vector b of 1-D translational symmetry defining the local scale of the problem. The beam is loaded by the two transverse forces Q, S acting in two neighboring spans at the distances t Q and t S from the left support, respectively. Note that since the problem is linear, it was sufficient to consider only one force and then obtain the multiple force solution by superposition. The two forces are considered in the example simultaneously to emphasize the fact that the loading in the representative cell problem, which will be obtained later, is complex valued.
The infinite domain is considered as an assemblage of an infinite number of repetitive cells k = 0, ±1, ±2, ... and local systems of coordinates −L ≤ x ≤ L are introduced in each cell in an identical manner as shown in Fig. 1(b) . Consequently, the problem of deriving the bending deflections Y (X) in the global coordinates ∞ < X < ∞ is replaced by the problem of displacements y k (x), k = 0, ±1, ±2, ... in local coordinate systems, which is formulated as follows.
(i) Within the cell, the deflections obey the fourthorder differential equation
where
Here δ ij denotes the Kronecker symbol and δ(x) is the Delta function.
(ii) At the support point x = 0, which can be referred to as the inner boundary Γ 0 , the boundary conditions are
where θ k (x) = y k (x) is the rotation angle and M k (x) = −EJy k (x) is the bending moment.
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is the shear force, we have
The superscript (±) denotes the corresponding boundary values, for example, u
The formulated problem for the infinite beam is reduced to the problem for a finite beam of the length 2L being the representative cell of the problem (see Fig. 1(c) ) by means of the DFT:
Application of Eq. (8) to Eqs. (1)- (7) yields
It is important to note that the reduction of the scale of the consideration in the initial problem to the scale of geometric periodicity is carried out independently of the scale of the applied loading (the distance between the forces Q and S). The obtained representative cell problem is formulated with respect to the complex-valued Fourier transform y * (x, ϕ) of the actual deflections defined over the actual geometric object-the representative cell. The opposite sides of the cell are connected by the specific Born-Von Karman-type boundary conditions with a complex multiplier. However, the differential operator in Eq. (10) acting in the transform space remains the same as in the initial bending equation. Therefore the general solution has the standard form (e.g., [8] )
where the values of superscript j denote the left and right halves of the representative cell 
SYSTEMS WITH 1-D TRANSLATIONAL SYMMETRY
The idea illustrated in the previous section can be applied to any continuous or discrete elastic system possessing 1-D translational symmetry. An example of such an application is a problem on a periodic system of oblique stringers reinforcing an infinite elastic plate of thickness h solved in [9] . The nonperiodic stress state is generated by the point force P applied to one of the stringers. In this case, the representative cell is an elastic domain-a strip of thickness 2a with a single stringer (see Fig. 2 ). However, the corresponding boundary value problem preserves the general form (10)- (15) and consists of the following. (ii) The boundary conditions at the inner boundary Γ 0 : (y = 0, −∞ < x < 0),
where σ y * , τ * (x, y) ≡ τ xy * (x, y) are the transforms of the normal and shear stresses, respectively, and D is the axial stiffness of the stringers.
(iii) The Born-Von Karman-type boundary conditions for the displacements and tractions f * (x, y) ≡ {σ y * (x, y), τ xy * (x, y)} transforms at the corresponding points on the periodic boundaries Γ ± : y = ±a:
The representative cell problem (18)- (24) is not trivial; its analytical solution required the employment of the Wiener-Hopf technique, but having it in hand, one easily obtains the components of the stress strain field in any point of the plate using the inverse DFT integration:
In several cases, the analytical solution for the representative cell domain having the form of a strip can be obtained by the Muskhelishvili method. This fact allowed us to derive a closedform solution of a problem of an incomplete contact of two dissimilar elastic half-planes [10] .
Another example of an elastic system posessing 1-D translational symmetry is an infinite truss, shown in Fig. 3(a) . The employment of the representative cell method in this case of a structure is demonstrated in [11] . Here the representative cell consists of eight rods ( Fig. 3(b) ). In the transform space, the stresses in rods are defined by the displacements of six nodal points, indicated in the figure u * = {u m * , v m * }, m = 1, 2, .., 6, which can be separated to the inner nodes u 
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(iii) The Born-Von Karman-type boundary conditions at the periodic boundaries relating the interface force and the displacements transforms
After solving the cell problem by the standard structural mechanics methods, one can, as in the previous problems, return to the actual space by the inverse transformation (9).
In the presented examples, the solution of the representative cell problem was obtained analytically. This is possible for a rather limited class of problems; therefore the question of applicability of the approach in the case when only a numerical solution of the cell problem is available is of large importance. The positive answer to this question was provided by [12] , where the representative cell technique was employed in combination with the finite element method. In this work the harmonic problem corresponding to the case of an antiplane deformation was addressed. The strong form of the representative cell problem for the displacement transform u * (x, ϕ) is given by the equations
Here Ω is the domain occupied by the representative cell, x is the position vector in the local coordinate system, µ is the shear modulus of the material, Γ ± are the periodic boundaries, Γ 01 and Γ 02 are the boundaries where the displacements U 01 * and the stress τ 0 * transforms are known, and vector n is the normal to the corresponding boundary. In terms of the adopted notation for the equations forming the representative cell problem, the harmonic Eq. (30) is of the type (i), the boundary conditions (31) and (32) are of the type (ii), and finally, the conditions at the periodic boundaries (33) and (34) are of the type (iii). The latter conditions prevent the direct use of a standard commercial finite element code, and certain adjustments are to be done. The weak form of this problem is formulated in a routine way, and the only limitation to be introduced at the meshing stage is the identical discretization of the periodic boundaries, namely, there is one-to-one correspondence between the nodes at these boundaries and the coordinates of each pair x − i , x + j satisfy the relation
where b is the vector defining the system translational symmetry. After repeating the solution procedure for several values of ϕ from the region (−π, π), one can find the sought function u(x) by the inverse transform numerical integration (9) . The issue of the required number of integration points was examined in [3] where the finite element solutions for several more complicated elasticity problems were obtained. In particular, for the case of a plain problem for an infinite strip, a comparison with the closed form analytical solution showed that it is sufficient to use nine Gauss integration points to provide 2% accuracy. In many practically important cases, the multiscale problem in periodically layered materials appears as a result of the existence of a flaw (a crack) violating the material periodicity. For this kind of problem, the direct employment of the representative cell method is impossible, and it can be used in combination with the Green functions dislocation approach suggested in [13] . This combined technique was employed for the first time in [14] , where the problem on an antiplane deformation of a bimaterial composite with a finite length interface crack subjected to uniform loading p was considered (Figs. 4(a) and 4(b) ). The body is divided into bilayered cells k = 0, ±1, ±2, .. and the crack is viewed as distributed dislocations with some unknown density f (t), 0 < t < a. Consequently, the displacements are presented by the use of the Green function of the problemŵ k (x, y, t): This function is given by the solution of an auxiliary problem on the same body without the crack and with a single dislocation at the point x = t, y = 0 in cell number 0:
Since only the right hand part in the latter condition depends on k, the formulation of the representative cell problem for the Green function transform is straightforward. The final expression has the form of a double integral of the Fourier and Laplace inverse transforms. The dislocation density is defined then from the numerical solution of the singular integral equation expressing the stress conditions at the crack faces. It should be emphasized that the solution of the initial problem is obtained without any homogenization procedure. It provides all the details of the local stress distribution, in particular, the dependence of the stress intensity factor on the shear moduli ratio of the materials, which is depicted in Fig. 4(c) .
Using the same strategy allowed us to solve also more complicated plane problems on finite cracks in periodically layered materials [15] [16] [17] . The idea of further extension of the approach to the study of semi-infinite cracks in periodically layered composites and composites of finite thickness was outlined in [18] and implemented in [19] and [20] . The method hinges on the introduction of an unknown jump in the stresses or displacements along the semi-infinite or infinite boundary, which then are adjusted to satisfy the given boundary conditions.
SYSTEMS WITH 2-D TRANSLATIONAL SYMMETRY

Periodic Materials under Local Loading
The extension of the presented approach to the analysis of elastic systems with 2-D translational symmetry is straightforward. In this case, the representative cell has the form of a parallelogram and contacts the neighboring ones through the two couples of periodic boundaries. Consequently, the reduction of the modeling scale to the cell size is carried out by means of the double DFT:
and the two groups of Born-Von Karman-type boundary conditions, including the factors exp(iϕ 1 ) and exp(iϕ 2 ), are present. The analysis of the infinite periodic grillage arrays presented in [21, 22] gives an example of employing the approach for the case of 2-D periodic structures rested on a periodic support array and subjected to a transverse loading.
The next step in the approach development was to consider 2-D periodic unsupported elastic systems subjected to self-equilibrated loading. This allowed us to address the important class of problems related to the local effects in periodic materials. The first attempt was made by M. Ryvkin and E. Tadmor (unpublished manuscript, 2001) who investigated the response of the truss material with triangular cells to the action of force dipoles. Local thermomechanical effects in continuous material-a unidirectional fiber reinforced composite-were studied in [23] . An infinite elastic plane with the repetitive pattern appears at the cross section perpendicular to the fiber direction, and the representative cell is a rectangle −L/2 < x 1 < L/2, −H/2 < x 2 < H/2 with a circular inclusion (see Fig. 5(a) ). In particular, the problem on the stress state induced by the local heating was considered. The representative cell problem formulation includes the following.
1. The field equations consisting of the equilibrium equations
and constitutive relations
2. The Born-Von Karman-type conditions at two pairs of the periodic boundaries
where j = 1, 2.
Here u j * , σ kl * , ε mn * are the transforms of the displacements, stresses, and strains, respectively; C klmn and α kl are the elements of the stiffness and thermal stress tensors of the materials occupying the cell; and ∆T is the transform of temperature deviation, which is assumed to be applied within the cell (0,0). In addition, the inner boundary conditions expressing the perfect bonding between the fiber and the matrix phases take place. The obtained problem, clearly, allows only numerical solution. The finite element method is not a unique option, and in [23] the combination of the representative cell method and the higher-order theory was demonstarted. In accordance with this theory, the elastic region is meshed into rectangular subcells, and the displacements which are governed by the continuum equations, are expanded into second order in terms of local coordinates [24] . The final results for the stresses appearing in the boron/epoxy composite with the volume fraction 0.25 and H = L induced by the ∆T = 1°C temperature deviation are shown in Fig. 5(b) . Two different cases are considered. In the first case, the entire domain of cell (0, 0) has been heated, while in the second case, the fiber only in this cell is heated. The figure well exhibits the locations of the fiber-matrix interfaces. In addition, it can be observed that the heating of the single fiber barely affects the neighboring ones.
Fiber-Reinforced Materials with Flaws
Similar to the case of layered materials with 1-D translational symmetry, for 2-D periodic materials, the local deviation from the periodic stress field may appear not only as a result of a local thermomechanical loading, but due to a flaw existence. The approach to the solution of multiscale problems appearing in the latter case also hinges on the idea of jumps applied along the flaw line. Consider, for example, the unidirectional fiber reinforced composite mentioned in the previous section with a flaw as a result of one missing fiber due to damage or production defect [25] . The stress state arising near the flaw as a result of the remote tensile loading perpendicular to the fibers direction is to be derived. The solution is sought as a superposition of the following ones for undamaged periodic composite: (1) the periodic solution u 0 (x 1 , x 2 ) corresponding to the remote loading, which is determined by the high fidelity generalized method of cells [26] , and (2) N Green function solutions u n k1k2 (x 1 , x 2 ), n = 1, 2, ..N , generated by unit stress jumps applied along the circular flaw boundary, which are found by the representative cell method
where C n are some unknown coefficients. The linear algebraic system of equations for their derivation yields from the zero traction condition at the missed fiber boundary. Cracks represent the most dangerous and, consequently, the most interesting type of flaws in brittle composite materials with periodic microstructure. The classical problem of fiber breakage in the 2-D formulation [27] yields the problem on a layered plane with a crack perpendicular to the interfaces (see the left part of Fig. 6(a) ). The composite subjected to the remote tensile loadingσ and the crack faces are traction-free. To estimate the composite strength, the exact stress distribution in the crack 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 0000000000000000000 
FIGURE 6. (a)
A transverse crack in a fiber-reinforced composite and the normal stress distribution; (b) the representative cell employed in the analysis vicinity is required. In this case, in view of the crack orientation, it is impossible to take the representative cell in the form of an infinite strip, which allows an analytical solution, and the finite rectangular representative cell supposing a numerical solution is used (Fig. 6(b) ). It should be emphasized that the cell size is defined by the distance between the fibers only in one direction, while the second cell dimension can be chosen arbitrarily thanks to the translational symmetry of the undamaged composite. As in the case of the fiber loss problem, the solution is derived by the use of the Green functions corresponding to the jumps imposed on the flaw (crack) line. These functions are determined by the combined use of the representative cell method and the higher-order theory. A distinguishing feature of this problem is that the jumps in the displacements, and not in the stress components, were considered. Each unit jump was applied at the boundary of a subcell, the size of which was determined by the representative cell discretization. The final results for the normal stresses in the fiber direction are depicted in the right-hand part of Fig. 6(a) . The stress singularity near the crack tip and the stress concentration in the first intact fiber are well exhibited.
Cracks in Low-Density Materials
Many interesting multiscale problems emerge during the study of brittle fracture of the low-density materials with microstructure generated by a periodic system of voids. There are many examples of such materials in nature, and they are mimicked in numerous engineering applications ranging from perforated materials to honeycombs and foams. If the failure is caused by a macrocrack propagation, the estimation of the material strength is based on the fracture toughness concept, and it is necessary to consider three different length scales. The first one is the natural material scale L m , defined by the size of the repetitive module of the material microstructure; the second one is the crack length L c ; and finally, the third is some macroscale L s related to the overall size of the model. Note that in the considered materials, in contrast to the continuous ones, the stress singularity in the vicinity of the crack tip, which can be associated with the center of a void, is absent. Consequently, the fracture toughness can be expressed in terms of the rupture modulus σ f s of the bulk parent material. The length scales in the correct formulation of the problem on the fracture toughness evaluation must fullfill the stipulation
which causes a considerable computational challenge in the framework of direct finite element modeling of a large domain with an embedded crack. The approach based on the DFT advocated in the present article confines the analysis to a single representative cell and allows us to overcome this obstacle.
Consider first the case of cellular material [28] when the relative density is very low and, consequently, the thin walls between the neighboring voids can be adequately modeled by rigidly connected beam elements. The crack analysis of the obtained periodic beam lattice or honeycomb is based on the assumption that the crack advance under remote tensile, say, loading σ r takes place when the skin normal stress in the most loaded element in the crack tip vicinity approaches the critical value σ f s . A typical problem of this type for the kagome lattice is illustrated in Fig. 7(a) .
The solution procedure can be outlined as follows. The cracked lattice is viewed as the undamaged periodic one, where the stresses in the elements at the crack path are zero. Consequently, similar to Eq. (46), the stress state of the lattice is sought in the form of the superposition of the solutions for the pristine periodic structure
Here U 0 (x 1 , x 2 ) is the periodic solution for the lattice subjected to the remote tensile loading, which can be obtained, for example, by the stress localization method presented in [29] ; N is the number of elements to be removed; and the solutions U n k 1 k 2 (x 1 , x 2 ) are the specific unit force solutions. Instead of jumps, as in the fiber loss problem, these solutions are generated by self-equilibrated systems of unit forces applied at the extremities of each element to be abandoned. The unit force solutions are determined by the representative cell method (the representative cell is depicted in Fig. 7(b) ) and the system of 3N linear algebraic equations for derivation of the coefficients C n yields from the condition of vanishing of the internal resultants in N beam elements. Note that in the case of more simple string mass lattices, the preceding technique for structural degradation modeling by means of neutralizing forces was employed in [4, 30] .
For the given crack length 2a, the obtained solution allows us to determine which remote loading σ r corresponds to the crack propagation condition, when the critical stress is reached in some element in the crack tip vicinity. The possibility to derive from this result the crack length independent fracture toughness appears only in the case of a sufficiently long crack when the self-similar K-field in the crack tip vicinity takes place. The linear elastic fracture mechanics dictate that in this situation, the remote stress must be inversely proportional to the crack length. Therefore, to establish the proper crack length scale required for the fracture toughness evaluation, it is plausible to examine the product σ r √ a. The results of such a crack length analysis are presented in Fig. 7(c) for different values of the relative density parameter t/L (t is the element thickness and L is their length). It is observed that for the considered parameter range, it is sufficient to employ the cracks produced by 60 failed beam elements.
In the case of low-density materials with moderate density (see Fig. 8(a) ), the beam model for the cell walls becomes inapplicable. Therefore the only way to model fine material microstructure is to employ some discrete (finite element) method. How- ever, in this instance, employing the standard approach for the fracture toughness evaluation, which is required to mesh a sufficiently large domain to meet the stipulation (47), is not practical due to a huge number of the degrees of freedom. On the other hand, the use of the DFT helps to bridge the different scales in this problem and leads to the result [31] . The solution of the problem for a long crack passing through many necks between the voids is once more obtained as a superposition of some unit jump solutions. These solutions are derived by the representative cell method, and consequently, only the repetitive representative cell is meshed, as shown in Fig. 8(b) . The principal stress distribution obtained in the vicinity of a macrocrack passing through 18 voids is presented in Fig. 8(c) . Using this result, one can easily calculate the fracture toughness. The numerical efficiency of the approach allowed us to carry out a parametric study and to optimize the crack arresting ability of the material. The layout presented in Fig. 8(a) provides the maximal fracture toughness for the relative density ρ r = 0.5.
CONCLUDING REMARKS
The article presents, in a systematic manner, the development and applications of the idea to employ the representative cell method in the multiscale analysis of periodic elastic systems ranging from structures to composite materials. The transition between the macroscale, which is assumed to be infinitely large for the considered case of translational symmetry, and the microscale, which is defined by the system periodicity, is carried out by means of the DFT. Consequently, the approach does not include any homogenization procedure, and the analysis is confined to a representative cell. Of course, there is no free lunch, and this analysis is to be done many times for different values of the transform parameter. The applicability of the method in combination to the analytical as well as the numerical methods is demonstrated. Both cases of 1-D and 2-D translational symmetry are considered (note that in the recent work of [32] , it was shown that the method works in the case of 3-D translational symmetry as well). It is demonstrated that the approach remains applicable also in the cases when the periodicity of an elastic system is violated by a flaw.
